We show that a recently developed semiclassical expansion for the 
Introduction
In a recent paper Nanayakkara and Mathanaranjan [1] obtained accurate highenergy expansions for the solutions to the Schrödinger equation with polynomial potentials of odd degree. By means of an alternative approach, the asymptoticenergy expansion (AEE) that is claimed to be simpler than the standard WKB method, the authors derived analytic expressions which allowed them to obtain accurate eigenvalues for several test examples. They compared their approximate eigenvalues with accurate ones provided by both the diagonalization 1 method and numerical integration. The agreement between the AEE and numerical results is remarkable and increases with the quantum number as expected.
The first set of test examples chosen by Nanayakkara and Mathanaranjan [1] is given by V (x) = (ix) 2N +1 + bix. It is surprising that they did not try to compare their results for b = 0 with those of Bender and Boettcher [2] .
Such comparison would have been interesting because the latter authors stated that the diagonalization method is unsuitable for the PT-symmetric oscillators
The reason for this failure is that the Stokes wedges that lie in the lower half of the complex plane do not contain the real x axis. It is therefore striking at first sight that the AEE results of Nanayakkara and Mathanaranjan [1] agree so accurately with the ones provided by the diagonalization method.
Recently, we studied the eigenvalues of some non-Hermitian operators by means of the complex-rotation diagonalization and Riccati-Padé methods [3] .
We verified that the diagonalization method is unable to yield the eigenvalues of the PT-symmetric oscillators for K ≥ 4 and that it produces instead some real eigenvalues related to the resonances discussed more rigorously by Alvarez [4, 5] many years before.
It is clear from the results just discussed that the semiclassical approaches proposed by Nanayakkara and Mathanaranjan [1] and Bender and Boettcher [2] are not equivalent. The purpose of this paper is to compare them and make clear the discrepancy. 
with polynomial potentials of the form
where P (x) is a polynomial function of degree smaller than 2N + 1. For concreteness we focus present discussion on the first case studied by those authors:
The authors calculated the integrals that appear in the AEE along a contour that encloses two of the 2N + 1 branch points. They stated that those particular branch points lie inside the Stokes wedges which are necessary for defining the "above non-Hermitian problem correctly as an eigenvalue problem" and made reference to Shin's paper [6] . The latter author studied non-Hermitian oscillators with potentials V (z) = −(iz) m + P (z), where P (z) is a polynomial function of degree smaller than m and the boundary conditions are such that the eigenfunctions tend to zero exponentially as |z| → ∞ along the rays
This condition is exactly the one required by Bender and Boettcher and, conse- To begin with, we compare the leading term of the AEE when b = 0:
and the WKB expression adapted to the present problem
where NM and BB stand for Nanayakkara and Mathanaranjan and Bender and Boettcher, respectively. Before proceeding any further, it is worth noting that the asymptotic eigenvalue λ j discussed by Shin [6] (see also the references therein) agrees with the latter expression when j = n + 1 and m = 2N + 1. Another noticeable difference is that Bender and Boettcher chose all the the turning points on the lower half of the complex plane, whereas those of Nanayakkara and Mathanaranjan appear alternatively in the upper and lower half of the complex plane for N = 1, 2, . . ..
We can obtain accurate eigenvalues of the PT-symmetric oscillators V (x) = −(ix) 2N +1 by means of the Riccati-Padé method (RPM) applied recently to this kind of problems [3] (and references therein). Table 1 shows the first eigenvalues of the PT-symmetric oscillator V (x) = −(ix) 5 calculated by the RPM and the WKB approach of Bender and Boettcher. Table 2 shows the first eigenvalues of the oscillator V (x) = (ix) 5 calculated by means of the diagonalization method, numerical integration (see below) and the leading term of the AEE [1] . We appreciate that the results of both tables do not agree as expected from the discussion above.
In order to understand the discrepancy between the AEE and WKB we car- that the optimal angle in the complex-rotation method is the one that converts a non-Hermitian oscillator in either a Hermitian or a PT-symmetric one [3] . In the present case, since we are dealing with PT-symmetric oscillators, the rotation angle is expected to be exactly zero. Therefore, the straightforward diagonalization with a real basis set (for example, harmonic oscillator eigenfunctions)
should give reasonable results as already shown in Table 2 . On the other hand, 
General WKB formula
In this section we will derive a general WKB expression that contains both
Bender and Boettcher's and Nanayakkara and Mathanaranjan's equations. To this end we write the potential as
where M = 1, 2, . . . and ǫ is chosen conveniently. The leading term of the WKB energy is given by
where the turning points x ± are two roots of
that are given by
Obviously, if x j is a root then −x * j is also a root; therefore, if we choose x + = x 0 and x − = −x * 0 then we obtain Both strategies lead to the same eigenvalues and are embodied in the general expression (10).
Conclusions
The purpose of this paper is to compare the AEE proposed by Nanayakkara and Mathanaranjan [1] and an earlier WKB approach derived Bender and It is undoubtedly the most important point of present paper. 
